Abstract. We value synthetic CDO tranche spreads, index CDS spreads, k th -to-default swap spreads and tranchelets in an intensity-based credit risk model with default contagion. The default dependence is modelled by letting individual intensities jump when other defaults occur. The model is reinterpreted as a Markov jump process. This allows us to use a matrix-analytic approach to derive computationally tractable closed-form expressions for the credit derivatives that we want to study. Special attention is given to homogenous portfolios. For a fixed maturity of five years, such a portfolio is calibrated against CDO tranche spreads, index CDS spread and the average CDS spread, all taken from the iTraxx Europe series. After the calibration, which renders perfect fits, we compute spreads for tranchelets and k th -to-default swap spreads for different subportfolios of the main portfolio. Studies of the implied tranche-losses and the implied loss distribution in the calibrated portfolios are also performed. We implement two different numerical methods for determining the distribution of the Markov-process. These are applied in separate calibrations in order to verify that the matrix-analytic method is independent of the numerical approach used to find the law of the process. Monte Carlo simulations are also performed to check the correctness of the numerical implementations.
Introduction
In recent years the market for synthetic CDO tranches and index CDS-s, which are derivatives with a payoff linked to the credit loss in a portfolio of CDS-s, have seen a rapid growth and increased liquidity. This has been followed by an intense research for understanding and modelling the main feature driving these products, namely default dependence.
In this paper we derive computationally tractable closed-form expressions for synthetic CDO tranche spreads and index CDS spreads. This is done in an intensity based model where default dependencies among obligors are expressed in an intuitive, direct and compact way. The financial interpretation is that the individual default intensities are constant, except at the times when other defaults occur: then the default intensity for each obligor jumps by an amount representing the influence of the defaulted entity on that obligor. This phenomena is often called default contagion. The above model is then reinterpreted in terms of a Markov jump process. This interpretation makes it possible to use a matrix-analytic approach to derive practical formulas for CDO tranche spreads and index CDS spreads. Our approach is the same as in (Herbertsson 2005) and (Herbertsson & Rootzén 2008) where the authors study aspects of k th -to default spreads in nonsymmetric as well as in symmetric portfolios. The contribution of this paper is a continuation of this technique to synthetic CDO tranches and index CDS-s.
Except for (Herbertsson 2005) and (Herbertsson & Rootzén 2008) , the methods presented in (Bielecki, Crépey, Jeanblanc & Rutkowski 2006) , (Bielecki, Vidozzi & Vidozzi 2006) , (Davis & Esparragoza 2007) , (Davis & Lo 2001a) , (Davis & Lo 2001b) , (Frey & Backhaus 2004) , (Frey & Backhaus 2008) , (Backhaus 2008) , Section 5.9 in (Lando 2004) and Subsection 9.8.3 in (McNeil, Frey & Embrechts 2005) , (Laurent, Cousin & Fermanian 2008) , (Cont & Minca 2008) , (Arnsdorf & Halperin 2007) are currently closest to the approach of this article. The framework used here (and in (Herbertsson 2005) and (Herbertsson & Rootzén 2008) ) is the same as in (Frey & Backhaus 2004) , (Frey & Backhaus 2008) , (Backhaus 2008) and is related to (Bielecki, Crépey, Jeanblanc & Rutkowski 2006) , (Bielecki, Vidozzi & Vidozzi 2006) . The main differences are that (Frey & Backhaus 2004) , (Frey & Backhaus 2008) , (Backhaus 2008) use time-varying parameters in their practical examples and then solve the corresponding Chapman-Kolmogorov equation using numerical methods for ODE-systems. Furthermore, in (Backhaus 2008) , the author also consider numerical examples where the portfolio is split into homogeneous groups with default contagion both within each group and between groups. (Bielecki, Vidozzi & Vidozzi 2006) use Monte Carlo simulations to calibrate and price the instruments.
Default contagion in an intensity based setting have previously also been studied in for example (Avellaneda & Wu 2001) , (Bielecki & Rutkowski 2001) , (Collin-Dufresne, Goldstein & Hugonnier 2004) , (Giesecke & Weber 2004) , (Giesecke & Weber 2006) , (Jarrow & Yu 2001) , (Kraft & Steffensen 2007) , (Rogge & Schönbucher 2003) , (Schönbucher & Schubert 2001) and (Yu 2007) . The material in all these papers and books are related to the results discussed here. This paper is organized as follows. In Section 2 we give an introduction to synthetic CDO tranches and index CDS-s which motivates results and introduces notation needed in the sequel. Section 3 presents the intensity-based model for default contagion. Using a result from (Herbertsson & Rootzén 2008) , the model is reinterpreted in terms of a Markov jump process. Section 4 presents convenient analytical formulas for synthetic CDO tranche spreads and index CDS spreads. We assume that the recovery rates are deterministic and that the interest rate is constant. In Section 5 we apply the results from Section 4 to a homogenous model. Then, in Section 6, for a fixed maturity of five years, this portfolio is calibrated against CDO tranche spreads, the index CDS spread and the average CDS spread, all taken from the iTraxx series, resulting in perfect fits. We use three different iTraxx series, sampled before and during the subprime-crises. We also give a careful discussion regarding the numerical methods for determining the distribution of the Markov-process, and their influence on the calibrations as well as other aspects. It is shown that the calibrations are insensitive to the two numerical methods that are used. After the calibration, we compute k th -to-default swap spreads for different subportfolios of the main portfolio. This problem is slightly different from the corresponding one in previous studies, e.g. (Herbertsson 2005) and (Herbertsson & Rootzén 2008) , since the obligors undergo default contagion both from the subportfolio and from obligors outside the subportfolio, in the main portfolio. Further, we compute spreads on tranchelets which are nonstandard CDO tranches with smaller loss-intervals than standardized tranches. We also investigate implied tranche-losses and the implied loss distribution in the calibrated portfolios. The final section, Section 7 summarizes and discusses the results and compares our model with similar frameworks in the recent credit derivative literature.
Valuation of Synthetic CDO tranche spreads and index CDS spreads
In this section we give a short description of tranche spreads in synthetic CDO-s and of index CDS spreads. It is independent of the underlying model for the default times and introduces notation needed later on.
2.1. The cash-flows in a synthetic CDO. In this section and in the sequel all computations are assumed to be made under a risk-neutral martingale measure P. Typically such a P exists if we rule out arbitrage opportunities. Further, we assume the that risk-free interest rate, r t is deterministic.
A synthetic CDO is defined for a portfolio consisting of m single-name CDS's on obligors with default times τ 1 , τ 2 . . . , τ m and recovery rates φ 1 , φ 2 , . . . , φ m . It is standard to assume that the nominal values are the same for all obligors, denoted by N. The accumulated credit loss L t at time t for this portfolio is
(2.1.1)
We will without loss of generality express the loss L t in percent of the nominal portfolio value at t = 0. For example, if all obligors in the portfolio have the same constant recovery rate φ, then L T k = k(1 − φ)/m where T 1 < . . . < T k is the ordering of τ 1 , τ 2 , . . . , τ m .
A CDO is specified by the attachment points 0 = k 0 < k 1 < k 2 < . . . k κ = 1 with corresponding tranches [k γ−1 , k γ ]. The financial instrument that constitutes tranche γ with maturity T is a bilateral contract where the protection seller B agrees to pay the protection buyer A, all losses that occur in the interval [k γ−1 , k γ ] derived from L t up to time T . The payments are made at the corresponding default times, if they arrive before T , and at T the contract ends. The expected value of this payment is called the protection leg, denoted by V γ (T ). As compensation for this, A pays B a periodic fee proportional to the current outstanding (possibly reduced due to losses) value on tranche γ up to time T . The expected value of this payment scheme constitutes the premium leg denoted by
r s ds denote the discount factor where r t is the risk-free interest rate. The protection leg for tranche γ is then given by
where we have used integration by parts for Lebesgue-Stieltjes measures together with Fubini-Tonelli and the fact that r t is deterministic. Further, if the premiums are paid at 0 < t 1 < t 2 < . . . < t n T = T and if we ignore the accrued payments at defaults, then the premium leg is given by
where ∆ n = t n − t n−1 denote the times between payments (measured in fractions of a year) and ∆k γ = k γ − k γ−1 is the nominal size of tranche γ (as a fraction of the total nominal value of the portfolio). The constant S γ (T ) is called the spread of tranche γ and is determined so that the value of the premium leg equals the value of the corresponding protection leg.
2.2. The tranche spreads. By definition, the constant S γ (T ) is determined at t = 0 so that V γ (T ) = W γ (T ), that is, so that the value of the premium leg agrees with the corresponding protection leg. Furthermore, for the first tranche, often denoted the equity tranche, S 1 (T ) is set to 500 bp and a so called up-front fee S (u) 1 (T ) is added to the premium leg so that V 1 (T ) = S (u) 1 (T )k 1 + W 1 (T ). Hence, we get that
The spreads S γ (T ) are quoted in bp per annum while S (u) 1 (T ) is quoted in percent per annum. Note that spreads are independent of the nominal size of the portfolio.
2.3. The index CDS spread. Consider the same synthetic CDO as above. An index CDS with maturity T , has almost the same structure as a corresponding CDO tranche, but with two main differences. First, the protection is on all credit losses that occurs in the CDO portfolio up to time T , so in the protection leg, the tranche loss L (γ) t is replaced by the total loss L t . Secondly, in the premium leg, the spread is paid on a notional proportional to the number of obligors left in the portfolio at each payment date. Thus, if N t denotes the number of obligors that have defaulted up to time t, i.e N t = m i=1 1 {τ i ≤t} , then the index CDS spread S(T ) is paid on the notional (1 −
Nt m
). Since the rest of the contract has the same structure as a CDO tranche, the value of the premium leg W (T ) is
and the value of the protection leg, V (T ), is given by
where
The spread S(T ) is quoted in bp per annum and is independent of the nominal size of the portfolio.
2.4. The expected tranche losses. From Subsection 2.2 we see that to compute tranche spreads we have to compute E L (γ) t , that is, the expected loss of the tranche
(2.4.1)
and E [L t ] and we must know the loss distribution F Lt (x) at time t. Furthermore, if the recoveries are nonhomogeneous, then to determine the index CDS spread, we also must compute E [N tn ], which is equivalent to finding the default distributions P [τ i ≤ t] for all obligors, or alternatively determining the distributions P [T k ≤ t] for all ordered default times T k .
Intensity based models reinterpreted as Markov jump processes
In this section we define the intensity-based model for default contagion which is used throughout the paper. The model is then translated into a Markov jump process. This makes it possible to use a matrix-analytic approach to derive computationally convenient formulas for CDO tranche spreads, index CDS spreads, single-name CDS spreads and k thto-default spreads. The model presented here is identical to the setup in (Herbertsson & Rootzén 2008) where the authors study aspects of k th -to-default spreads in nonsymmetric as well as in symmetric portfolios. In this paper we focus on synthetic CDO trances, index CDS and k th -to-default swaps on subportfolios to the CDO portfolio. With τ 1 , τ 2 . . . , τ m default times as above, define the point process N t,i = 1 {τ i ≤t} and introduce the filtrations
Let λ t,i be the F t -intensity of the point processes N t,i . Below, we for convenience often omit the filtration and just write intensity or "default intensity". With a further extension of language we will sometimes also write that the default times {τ i } have intensities {λ t,i }. The model studied in this paper is specified by requiring that the default intensities have the form,
and λ t,i = 0 for t > τ i . Further, a i ≥ 0 and b i,j are constants such that λ t,i is non-negative. The financial interpretation of (3.1) is that the default intensities are constant, except at the times when defaults occur: then the default intensity for obligor i jumps by an amount b i,j if it is obligor j which has defaulted. Thus a positive b i,j means that obligor i is put at higher risk by the default of obligor j, while a negative b i,j means that obligor i in fact benefits from the default of j, and finally b i,j = 0 if obligor i is unaffected by the default of j. Equation (3.1) determines the default times through their intensities. However, the expressions for the loss and tranche losses are in terms of their joint distributions. It is by no means obvious how to go from one to the other. Here we will use the following result, proved in (Herbertsson & Rootzén 2008) .
Proposition 3.1. There exists a Markov jump process (Y t ) t≥0 on a finite state space E and a family of sets {∆ i } m i=1 such that the stopping times
have intensities (3.1). Hence, any distribution derived from the multivariate stochastic vector (τ 1 , τ 2 , . . . , τ m ) can be obtained from {Y t } t≥0 .
Each state j in E is of the form j = {j 1 , . . . j k } which is a subsequence of {1, . . . m} consisting of k integers, where 1 ≤ k ≤ m. The interpretation is that on {j 1 , . . . j k } the obligors in the set have defaulted. The Markov jump process Y t on E is specified by making {1, . . . m} absorbing and starting in {0}.
In this paper, Proposition 3.1 is throughout used for computing distributions. However, we still use Equation (3.1) to describe the dependencies in a credit portfolio since it is more compact and intuitive. In the sequel, we let Q and α denote the generator and initial distribution on E for the Markov jump process in Proposition 3.1. The generator Q is found by using the structure of E, the definition of the states j, and Equation (3.1), see (Herbertsson & Rootzén 2008) . By construction α = (1, 0, . . . , 0). Further, if j belongs to E then e j denotes a column vector in R |E| where the entry at position j is 1 and the other entries are zero. From Markov theory we know that P [Y t = j] = αe Qt e j were e Qt is the matrix exponential which has a closed form expression in terms of the eigenvalue decomposition of Q.
4.
Using the matrix-analytic approach to find CDO tranche spreads and index CDS spreads
In this section we derive practical formulas for CDO tranche spreads and index CDS spreads. This is done under (3.1) together with the standard assumption of deterministic recovery rates and constant interest rate r. Although the derivation is done in an inhomogeneous portfolio, we will in Section 5 show that these formulas are almost the same in a homogeneous model.
The following observation is a key to all results in this article. If the obligors in a portfolio satisfy (3.1) and have deterministic recoveries, then Proposition 3.1 implies that the corresponding loss L t can be represented as a functional of the Markov jump process
where the mapping L goes from E to all possible loss-outcomes determined via (2.1.1). For example, if j ∈ E where j = {j 1 , .
The range of L is a finite set since the recoveries are deterministic. This implies that for any mapping g(x) on R and a set A in [0, ∞), we have
where h(g, A) is a column vector in R |E| defined by h(g, A) j = g(L(j))1 {L(j)∈A} . From this we obtain the following easy lemma, which is stated since it provides notation which is needed later on.
Lemma 4.1. Consider a synthetic CDO on a portfolio with m obligors that satisfy (3.1). Then, with notation as above,
and L is the mapping such that L t = L(Y t ). Furthermore, ℓ and h (i) are column vectors in R |E| defined by ℓ j = L(j) and h (i) j = 1 {j∈∆ i } where the sets ∆ i are as in Proposition 3.1. We now present the following convenient formulas. Proofs are given in Appendix.
Proposition 4.2. Consider a synthetic CDO on a portfolio with m obligors that satisfy (3.1) and assume that the interest rate r is constant. Then, with notation as above,
Furthermore,
Note that the matrix-analytic technique used in Proposition 4.2 has nothing to do with the numerical method chosen to compute the vector αe Qt . The matrix-analytic approach uses the analytical features of e Qt , in order to simplify probabilistic expression, typically arising in reliability and queuing theory, see e.g. (Neuts 1981) , (Neuts 1989) , (Assaf, Langbert, Savis & Shaked 1984) , (Asmussen 2000) and (Asmussen 2003) . For example
which have reduced the computation of the integral to find only αe QT . Another less efficient approach is to consider a discrete approximation of the integral in the left hand side, forcing us to evaluate the vector αe Qt at many time-points t. The matrix-analytic technique will be used several times in this paper, especially in Subsection 5.2 and Subsection 5.3. Other applications of this technique in portfolio credit risk can be found in (Herbertsson 2007) and (Herbertsson 2008) .
Recall that αe Qt is the analytical solution of the ODEṗ(t) = p(t)Q with p(0) = α (see (Moeler & Loan 1978) ). In our model, this ODE arises due to the ChapmannKolmogorov equation, describing the dynamics of the Markov jump process Y t . Computing αe Qt efficiently is a numerical issue, which for large state spaces requires special treatment, see (Herbertsson & Rootzén 2008) . For small state spaces, typically less then 150 states, the task is straightforward using standard mathematical software. There are over 20 different methods of computing the vector αe Qt , see (Moeler & Loan 1978) and (Moeler & Loan 2003) . One of the these is to solveṗ(t) = p(t)Q by using numerical ODE methods, such as the Runge-Kutta method. This approach is taken by (Frey & Backhaus 2004) , (Frey & Backhaus 2008 ) and (Backhaus 2008 ), but since they consider time-dependent generators, this will not lead to any simplifications of the spreads as in Proposition 4.2, but only give semi-explicit expressions of these formulas. We will come back to the issue of computing αe Qt in Subsection 6.1, and Subsection 6.2 where we have computed this vector with several different methods.
Other remarks regarding Proposition 4.2 is that finding the generator Q and column vectors ℓ (γ) , ℓ, ℓ are straightforward and the matrix (Q − rI) is invertible since it is upper diagonal with strictly negative diagonal elements, see (Herbertsson & Rootzén 2008) . Furthermore, several computational shortcuts are possible in Proposition 4.2. The quantities ℓ (γ) , ℓ and ℓ do not depend on the parametrization, and hence only have to be computed once. The row vectors αe QT e −rT + αR(0, T )r and
αe Qtn e −rtn ∆ n are the same for all CDO tranche spreads and index CDS spreads and hence only have to be computed once for each parametrization determined by (3.1). In particular note that
Qtn e −rtn ∆ n and (Q − rI)
−1 also appears in the expressions for single-name CDS spreads and k th -to-default spreads studied in (Herbertsson & Rootzén 2008) .
In a nonhomogeneous portfolio we have |E| = 2 m which in practice will force us to work with portfolios of size m less or equal to 25, say ( (Herbertsson & Rootzén 2008 ) used m = 15). Standard synthetic CDO portfolios typically contains 125 obligors so we will therefore, in Section 5 below, consider a special case of (3.1) which leads to a symmetric portfolio where the state space E can be simplified to make |E| = m + 1. This allows us to practically work with the Markov setup in Proposition 4.2 for large m, where m ≥ 125 with no further complications.
A homogeneous portfolio
In this section we apply the results from Section 4 to a homogenous portfolio. First, Subsection 5.1 introduces a symmetric model and shows how it can be applied to price CDO tranche spreads and index CDS spreads. Subsection 5.2 presents formulas for the single-name CDS spread in this model. Finally, Subsection 5.3 is devoted to formulas for k th -to-default swaps on subportfolios of the main portfolio. This problem is slightly different from the corresponding task in previous studies, e.g. (Herbertsson 2005) and (Herbertsson & Rootzén 2008) , since the obligors undergo default contagion both from the subportfolio and from obligors outside the subportfolio, in the main portfolio.
The homogeneous model for CDO tranches and index CDS-s.
In this subsection we use the results from Section 4 to compute CDO tranche spreads and index CDS spreads in a totally symmetric model. We consider a special case of (3.1) where all obligors have the same default intensities λ t,i = λ t specified by parameters a and b 1 , . . . , b m , as
where {T k } is the ordering of the default times {τ i } and φ 1 = . . . = φ m = φ where φ is constant. In this model the obligors are exchangeable. The parameter a is the base intensity for each obligor i, and given that τ i > T k , then b k is how much the default intensity for each remaining obligor jumps at default number k in the portfolio. We start with the simpler version of Proposition 3.1.
Corollary 5.1. There exists a Markov jump process (Y t ) t≥0 on a finite state space E = {0, 1, 2, . . . , m}, such that the stopping times
are the ordering of m exchangeable stopping times τ 1 , . . . , τ m with intensities (5.1.1).
Proof. If {T k } is the ordering of m default times {τ i } with default intensities {λ t,i }, then the arrival intensity λ
Hence, since λ t,i = λ t for every obligor i where τ i ≥ t, (5.1.2) implies
Now, let (Y t ) t≥0 be a Markov jump process on a finite state space E = {0, 1, 2, . . . , m}, with generator Q given by
where the other entries in Q are zero. The Markov process always starts in {0} so the initial distribution is α = (1, 0, . . . , 0). Define the ordered stopping times {T k } as
Then, the intensity λ
Further, we can without loss of generality assume that {T k } is the ordering of m exchangeable default times {τ i }, with default intensities λ t,i = λ t for every obligor i. Hence, if τ i ≥ t, (5.1.3) implies
, which proves the corollary.
By Corollary 5.1, the states in E can be interpreted as the number of defaulted obligors in the portfolio.
Recall that the formulas for CDO tranche spreads and index CDS spreads in Proposition 4.2 where derived for an inhomogeneous portfolio with default intensities (3.1). However, it is easy to see that these formulas (with identical recoveries) also can be applied in a homogeneous model specified by (5.1.1), but with ℓ (γ) and ℓ slightly refined to match the homogeneous state space E. This refinement is shown in the following lemma.
Lemma 5.2. Consider a portfolio with m obligors that all satisfy (5.1.1) and let E, Q and α be as in Corollary 5.1. Then, (4.2), (4.3) and (4.5) hold, for
Proof. Since L t = L(Y t ) and due to the homogeneous structure, we have
Hence, the loss process L t is in one-to-one correspondence with the process
is the smallest (biggest) integer bigger (smaller) or equal to xm/(1 − φ). These observations together with the expression for ℓ (γ) and ℓ in Proposition 4.1, yield (5.1.4).
In the homogeneous model given by (5.1.1), we have now determined all quantities needed to compute CDO tranche spreads and index CDS spreads as specified in Proposition 4.2.
We remark that our symmetric framework is equivalent to the local intensity model which was the starting point in the papers (Schönbucher 2005) , (Sidenius, Piterbarg & Andersen 2008) , (Lopatin & Misirpashaev 2007) and (Arnsdorf & Halperin 2007) . In these articles the authors model the loss-distribution directly by using the so called top-down approach.
5.2. Pricing single-name CDS in a homogeneous model. If F (t) is the distribution for τ i , which by exchangeability is the same for all obligors under (5.1.1), then the singlename CDS spread R(T ) is given by (see e.g. (Herbertsson & Rootzén 2008) )
where the rest of the notation are the same as in Section 2. Hence, to calibrate, or price single-name CDS-s under (5.1.1), we need the distribution P [τ i > t] (identical for all obligors). This leads to the following lemma.
Lemma 5.3. Consider m obligors that satisfy (5.1.1). Then, with notation as above
where m (k) and g are column vectors in R |E| such that m (k) j = 1 {j<k} and g j = 1 − j/m. Proof. By the construction of T k in Corollary 5.1, we have
where m (k) j = 1 {j<k} for k = 1, . . . , m. Furthermore, due to the exchangeability,
= 1 {j<k} this implies that g j = 1 − j/m which concludes the proof of the lemma.
A closed-form expression for R(T ) is obtained by using Lemma 5.3 in (5.2.1). For ease of reference we exhibit the resulting formulas (proofs can be found in (Herbertsson 2005) or (Herbertsson 2007)).
Proposition 5.4. Consider m obligors that all satisfies (5.1.1) and assume that the interest rate r is constant. Then, with notation as above
For more on the CDS contract, see e.g (Felsenheimer, Gisdakis & Zaiser 2006) , (Herbertsson 2005 ) or (McNeil et al. 2005 .
We remind the reader that in a homogeneous model, the average CDS spread and index CDS spread will coincide if the accrued payment is omitted in the CDS contract. This is not the case in our paper, which implies that we can treat the average CDS and index CDS as two different credit derivatives.
Pricing k
th -to-default swaps on subportfolios in a homogeneous model. Consider a homogenous portfolio defined by (5.1.1). Our goal in this subsection is to find expressions for k th -to-default swap spreads on a subportfolio in the main portfolio. The difference in this approach, compared with for example (Herbertsson & Rootzén 2008) and (Frey & Backhaus 2008 ) is that the obligors undergoes default contagion both from entities in the selected basket and from obligors outside the basket, but in the main portfolio.
Let s be a subportfolio of the main portfolio, that is s ⊆ {1, 2, . . . , m} and let |s| denote the number of obligors in s so |s| ≤ m. The market standard is |s| = 5. If the recoveries are homogeneous, it is enough to find the distribution for the ordering of the default times in the basket. Hence, we seek the distributions of the ordered default times in s denoted by {T 
The rest of the notation are the same as in Section 2. In Theorem 5.5 below, we derive formulas for the survival distributions of {T (s) k }. This is done by using the exchangeability, the matrixanalytic approach and the fact that default times in s always coincide with a subsequence of the default times in the main portfolio.
Theorem 5.5. Consider a portfolio with m obligors that satisfy (5.1.1) and let s be an arbitrary subportfolio with |s| obligors. Then, with notation as above
Proof. The events {T ℓ > t} and T will not influence the event {T ℓ > t}. Thus, P T ℓ > t, T
This observations together with Lemma 5.3 implies that
Using this and the definition of m
n ≤ T j , that is, the number of obligors that have defaulted in the subportfolio s up to the j-th default in the main portfolio. Due to the exchangeability, N (s) j is a hypergeometric random variable with parameters m, j and |s|. Hence,
which proves the theorem.
Returning to k th -to-default swap spreads, expressions for R Corollary 5.6. Consider a portfolio with m obligors that satisfy (5.1.1) and let s be an arbitrary subportfolio with |s| obligors. Assume that the interest rate r is constant. Then, with notation as above,
For a more detailed description of k th -to-default swap, see e.g. (Felsenheimer et al. 2006 ), (Herbertsson 2005) , (Herbertsson & Rootzén 2008 ) or (McNeil et al. 2005 ).
Numerical study of a homogeneous portfolio
In this section we calibrate the homogeneous portfolio to real market data on CDO tranches, index CDS-s, average single-name CDS spreads and average FtD-spreads (i.e average 1 th -to-default swaps). We match the theoretical spreads against the corresponding market spreads for individual default intensities given by (5.1.1). First, in Subsection 6.1 we give an outline of the calibration technique used in this paper and discuss the two numerical methods used in separate calibrations. Then, in Subsection 6.2 we calibrate our model against an example studied in several articles, e.g (Frey & Backhaus 2008 ) and (Hull & White 2004) th , 2008. The last data set was sampled during the subprime-crises. The three calibrations lend some confidence to the robustness of our model. We also give a careful discussion of the outcome of our calibrations with the two different numerical methods used to find the loss-distribution.
Having calibrated the portfolio, we can compute spreads for exotic credit derivatives, not liquidly quoted on the market, as well as other quantities relevant for credit portfolio management. In Subsection 6.3 we compute spreads for tranchelets, which are CDO tranches with smaller loss-intervals than standardized tranches. Subsection 6.4 investigates k th -to-default swap spreads as function of the size of the underlying subportfolio in main calibrated portfolio. Continuing, Subsection 6.5 studies the the implied expected tranche-losses and Subsection 6.6 is devoted to explore the implied loss-distribution.
6.1. Some remarks on the calibration and numerical implementation. The symmetric model (5.1.1) can contain at most m different parameters. Our goal is to achieve a "perfect fit" with as many parameters as there are market spreads used in the calibration for a fixed maturity T . For a standard synthetic CDO such as the iTraxx Europe series, we can have 5 tranche spreads, the index CDS spread, the average single-name CDS spread and the average FtD spread. Hence, for calibration, there is at most 8 market prices with maturity T available. However, all of them do not have to be used. We make the following assumption on the parameters
where 1, µ 1 , µ 2 , . . . , µ c is an partition of {1, 2, . . . , m}. This means that all jumps in the intensity at the defaults 1, 2, . . . , µ 1 −1 are same and given by b
(1) , all jumps in the intensity at the defaults µ 1 , . . . , µ 2 − 1 are same and given by b (2) and so on. This is a simple way of reducing the number of unknown parameters from m to c + 1.
If η is the number of calibration-instruments, that is the number of credit derivatives used in the calibration, we set c = η − 1. Let a = (a, b
(1) , . . . , b (c ) denote the parameters describing the model and let {C j (T ; a)} be the η different model spreads for the instruments used in the calibration and {C j,M (T )} the corresponding market spreads. In C j (T ; a) we have emphasized that the model spreads are functions of a = (a, b
(1) , . . . , b (c) ) but suppressed the dependence of interest rate, payment frequency, etc. The vector a is then obtained as
with the constraint that all elements in a are nonnegative. Note that it would have been possible to let the jump parameters b k be negative, as long as λ t > 0 for all t. In economic terms this would mean that the non-defaulted obligors benefit from the default at T k .
The model-spreads {C j (T ; a)}, such as average CDS spread R(T ; a), index CDS spread S(T ; a), CDO tranche spreads {S γ (T ; a)} etc. are given in closed formulas derived in the previous sections. The expressions {C j (T ; a)} are functionals of the distribution of the
Markov-process Y t , that is, functions of the vector p(t) = αe
Qt at different time points t, where Q in turn can be seen as a function of a. Hence, the major challenge lies in computing p(t).
We used two different numerical methods for determining the probability vector p(t). The first method was Padé-approximation with scaling and squaring, (see (Moeler & Loan 1978) ) and the second approach was a numerical ODE-solver adapted for stiff ODE system. An ODE-system is called stiff if the absolute values of the eigenvalues of the Jacobian to the system greatly differ in value, that is Λ min << Λ max where Λ min = min{|Λ i |} and Λ max = max{|Λ i |} and {Λ i } are the corresponding eigenvalues. In our case the Jacobian is the matrix Q and the eigenvalues {Λ i } are given by the diagonal elements in Q.
We remind the reader that standard solvers such as the Runge-Kutta method, or any ODE routine not adapted for stiff ODE-solvers are very slow and often inaccurate and can even give raise to instability problems when applied to stiff systems, see e.g. (Enright, Hull & Lindberg 1975 ) and chapter 9 in (Heath 1996) .
We used a numerical-ODE solver adapted to stiff-systems (ode15s in Matlab) which is based on backward differentiation formulas with multistep properties. This solver can be done very fast by exploiting the fact that the Jacobian of our ODE is analytic and simply given by the generator Q. Without this observation, the numerical solutions produced by ode15s is much less accurate than the corresponding Padé-solution. The accuracy can be increased by taking smaller time steps and improve the error-tolerance, but with the cost of much longer computational times (of the same order as the running time for the Padé-method). For more on the algorithm used in ode15s, see e.g. (Shampine & Reichelt 1997) Both the Padé-method and our stiff ODE-solver were applied in separate calibrations in order to verify that the matrix-analytic method is independent of the numerical approach used to compute the model-spreads. This was done for three different data sets. The details of the calibration results are reported in Section 6.2.
The initial parameters in the calibration routine can be rather arbitrary, and the calibrated parameters a are often (but not always) insensitive to variations in the initial parameters. However, this strongly dependent on the number of iterations used in the minimization routine. Furthermore, the more iterations we use, the smaller calibration errors are obtained.
Finally, it should be mentioned that the calibrated parameters a are not likely to be unique. By perturbing the initial guesses, we have been able to get calibrations that are worse, but "close" to the optimal calibration, and where some of the parameters in the calibrated perturbed vector, are very different from the corresponding parameters in the optimal vector. We do not further pursue the discussion of potential nonuniqueness here, but rather conclude that the above phenomena is likely to occur also in other pricing models.
Calibration to the iTraxx Europe series and further numerical remarks.
In this subsection we calibrate our model against credit derivatives on the iTraxx Europe series with maturity of five years. There are five different CDO tranche spreads with tranches [0, 3] , [3, 6] , [6, 9] , [9, 12] and [12, 22] , and we also have the index CDS spreads and the average CDS spread. (Frey & Backhaus 2008 ) and (Hull & White 2004) . Here, just as in (Frey & Backhaus 2008 ) and (Hull & White 2004) Table 9 ). All data is taken from Reuters on November 28 th , 2006 and March 7 th , 2008 and the bid, ask and mid spreads are displayed in Table 7 and Table 8 .
In all three calibrations the interest rate was set to 3%, the payment frequency was quarterly and the recovery rate was 40%. We choose the partition µ 1 , µ 2 , . . . , µ 6 so that it roughly coincides with the number of defaults needed to reach the upper attachment point for each tranche, see Table 10 in Appendix.
Since the ODE method is around 10 times faster than the Padé approach, we used the stiff-ODE solver to find the optimal parameter in the calibration routine. This algorithm can therefore perform 10 times more iterations than the Padé-approach, in the same time-span. We used 1000 iterations in our optimization (i.e calibration) routine, and the numerical values of the calibrated parameters a, obtained via (6.1.2), are shown in Table  11 in Appendix 8.
In all three data-sets we obtained perfect fits, although in the 2008 portfolio the accumulated calibration error was around 9 times higher compared to the 2006 portfolio. The relative calibration errors were however very good. Furthermore, some of the corresponding spreads in the 2008 data-set had increased a factor 50 compared to 2006 portfolio, see Table 1 .
Once we had found the optimal calibrated parameters with the ODE-solver, we used these parameter to compute the model-spreads also with the Padé-method. This in order to compare the two numerical approaches for given parameters a. We did this with all data sets and found that the relative error between the ODE and Padé-model spreads (in terms of the ODE-case) never exceed 0.0001%. Hence, for a given set of parameters a, the two different numerical methods seem to produce almost identical results.
6.2.1. Explosion of the last jump-parameter. We note that in the 2008-03-07 portfolio, the jump-parameter b (6) "explodes" (see Table 11 in Appendix 8 ) compared to the other parameters in the vector a. A similar behavior is also seen 2006-11-28 portfolio, but more moderate than in the 2008-03-07 case. By construction, b (6) only affects tranches above 22%. Hence, in our case only the index-CDS spread and the average-CDS spread are affected by b (6) . In order to investigate how the jump-parameter b (6) influence these two spreads in the 2008-03-07 portfolio, we changed b (6) from 78 (see Table 11 ) to 6.5, 2.5 and 1.5, holding the other parameters in a fixed, and then computed the new spreads. The changes in the spreads were negligible, as reported in Table 12 . In Section 6.6 we continue to study the impact of the explosion in the jump-parameter b (6) on our model-quantities. Table 11 , we also determined the credit spreads by using Monte Carlo simulations and compared these with the modelspreads computed with the ODE-routine. The relative differences in all three data-sets did not exceed 1.38 %, where we used 10 6 replications in the simulation, see Table 14 in Appendix. This test also lends some confidence in the correctness of the implementations of the two different deterministic numerical methods used to find distribution of the Markov process.
Monte Carlo simulations. With the parameters in
6.2.3. Comparing calibrations:Padé-method vs. ODE-solver. In the calibration yielding Table 1 we used the stiff ODE-solver with 1000 iterations in the minimization routine, to find the optimal parameters a. However, it is of great interest to also conduct the calibration with the Padé-approach and then compare the results with those obtained with the ODE-routine. For our three data sets, we therefore performed calibrations both with the Padé-approach and the ODE-method and compared the errors as well as the calibrated parameters a. Furthermore, for each numerical approach and each data set, we used the same initial parameters in the calibration routine and the same number of iterations (100 iterations).
In the 2008 portfolio the accumulated calibration errors where 18.4 bp for the ODEapproach and and 21.9 bp for the Padé approximation. The calibrated parameters in the vector a obtained with the two methods did not differ more than 5.8 %, except for b (3) and b (6) which still was in the same order, see Table 13 . The parameter b (4) was of the order 10 −12 for the ODE-case and 10 −7 in the Padé-method, i.e. close to zero in both methods, and is therefore not relevant when compared with the other parameters in a.
In the 2004 and 2006 data-sets we observed a similar behavior between the calibrated parameters retrieved from the two approaches, and the accumulated calibration errors where almost identical for both numerical-approaches.
6.2.4. Padé-method or ODE-solver? The matrix-analytic method is independent of the numerical approach. All of the above studies gives evidence to the obvious fact that using the matrix-analytic approach to find the spreads for credit derivatives, is independent of the numerical approach chosen to compute the probability vector p(t) = αe Qt . The small numerical differences in the model-spreads which arise using different methods to find p(t) have to be attributed to the intrinsic differences in the corresponding algorithms used, i.e. the stiff ODE-solver and the Padé-approximation method.
It is difficult to determine which of the two methods that is optimal from an overall point of view. First, we remind the reader that standard solvers such as the Runge-Kutta method, or any ODE routine not adapted for stiff ODE-solvers are outperformed by the Padé approximation on all levels, such as computational time, accuracy of the solution, analytical error-control etc. Secondly, even though numerical ODE-solvers for stiff problems and the Padé-approach are implemented in some mathematical-software packages, it is still important to compare the required amount of work needed to implement each of these two methods. Conditional on the fact that both methods need matrix-packages, the Padé-approach can be implemented in very few rows using built in matrix-multiplications (19 rows in matlab). On the other hand, implementing a stiff ODE-solver that uses backward differentiation formulas with multistep properties together with analytical Jacobian techniques requires a huge among of coding compared to the Padé-approach. The main reason is that a general numerical ODE-solver do not exploit the analytical features of an ODE-system with constant parameters which leads to the analytical solution p(t) = αe
Qt . This remark has also been done on p.122 in (Moeler & Loan 1978 ).
6.3. Pricing tranchelets in a homogeneous model. As discussed above, a tranchelet is a nonstandard CDO tranche with smaller loss-intervals than standardized tranches, see e.g. (Brigo, Pallavicini & Torresetti 2006) 1, 2] , . . . , [5, 6] . Currently, there are no liquid market for these instruments, so they can still be regarded as somewhat "exotic". Nevertheless, tranchelets have recently become popular and pricing these instruments are done in the same ways as for standard tranches. Table 1 where all other quantities such as recovery rate, interest rate, payment frequency etc. are the same as in these tables. The It is interesting to note that the average for the three tranchelets between 3 and 6 are 62.56 (2006-11-28) and 569.2 (2008-03-07) which both are close to the corresponding [3, 6] spreads. The same holds for the averages of tranchlets between 6 to 9 and 9 to 12, which are 18.08, 370.2 and 6.872, 234.1 respectively. These observations explain why the average of the differences for the three tranchelets between 3 to 6, 6 to 9 and 9 to 12, given by 919%, 2033 % and 3443 %, are close to the corresponding differences in the [3, 6] , [6, 9] and [9, 12] tranche spreads, displayed in Table 3. 6.4. Pricing k th -to-default swaps on subportfolios in a homogeneous model. In this subsection we price five year k th -to-default spreads R Table 1 , where all other quantities such as recovery rate, interest rate, payment frequency etc. are the same as in these tables. There exists liquid quoted market spreads on FtD baskets (i.e. k = 1) and often the FtD spreads are also quoted in percent of the sum of the individual spreads in the subportfolio s (see Table 9 in Appendix). For the 2006-11-28 case the model FtD-spread is 119.9 bp which is close to the observed average mid FtD-spread given by 116.8 bp, see in Table 9 .
From Table 4 we see that, for fixed s and k, the spreads differ substantially between the two dates. Given the difference between the market spreads in the calibration (Table  3) , this should not come as a surprise. For example, when |s| = 5, k = 1 the difference is 200 %, and for |s| = 15, k = 5 the 2008-03-07 spread is around 3560 % bigger than the 2006-11-28 spread. The spreads increase as the size of the portfolio increases, as they should.
For the 2006-11-28 case, the increase from a portfolio of size 5 to one of size 25 is 432% for a 1 st -to-default swap, 1330% for a 2 nd -to-default swap, 1628% for a 3 rd -to-default swap, and for a 5 th -to-default swap the increase is 421%. Further, for a portfolio of size 10 the price of a 1 st -to-default swap is about 117 times higher than for a 5 th -to-default swap and the corresponding ratio for a portfolio of size 15 is about 122. These ratios are much smaller than for a "isolated" portfolio, which only undergo default contagion from obligors within the basket, see (Herbertsson & Rootzén 2008) . Qualitatively the above results are completely as expected, however, given market spreads on CDO tranches, index CDS spreads etc. it would seem rather impossible to guess the sizes of the effects without computation.
6.5. The implied tranche losses in a homogeneous portfolio. In the credit literature today, expected risk-neutral tranche losses are often called implied tranche losses. Here "implied" is refereing to the fact that the quantities are retrieved from market data via a model. Similarly, the implied portfolio loss refers to the expected risk-neutral portfolio loss. In this subsection we compute the implied expected tranche losses. These are important [6, 9] , [9, 12] to 1859% and 3214%, as seen in Table 5 . Hence, on March 7 2008, the five year implied expected tranche losses on [6, 9] and [9, 12] had increased a factor 19 and 33 respectively, compared to the corresponding values for the November 28 th 2006 portfolio. 6.6. The implied loss distribution in a homogeneous portfolio. In this subsection we study the implied distribution for the loss process L t . Since we are considering constant recovery rates, then for every t, the distribution of L t is discrete and formally the values for P [L t = x] should be displayed as bars at x = k(1 − φ)/m where 0 ≤ k ≤ m. However, since there are totaly 126 different outcomes we do not bother about this and connect the graph continuously between each discrete probability. The loss probabilities are computed by using that
Qt e k for k = 0, 1, . . . , m, see Corollary 5.1.
We study the implied loss distribution on the interval 0 ≤ x ≤ 22% for t = 5 , see Figure 1 . In order to also get a grasp of the implied distribution for bigger losses, we have displayed P [L 5 ≥ x%] for x = 3, 6, 9, 12, 22 and x = 60, in Table 6 . Note that with 40% recovery, For our three portfolios, we note that
] is equal to 0.3685%, 0.0409% and 0.0137% respectively, which are negligible compared to the probabilities , 6] , [6, 9] , [9, 12] and [12, 22] in each portfolio. Hence, the market implies a negligible probability for having a loss bigger than 22 % but strictly smaller than 60 %, within five years from the corresponding sample-date. for the same x-s as in Table 6 . The probabilities P [L 5 ≥ x%] did not change except for x = 60 which now rendered P [L 5 = 60%] = 6.966%, 6.745% and 6.528%. This represents a relative difference of 2.00%, 5.11% and 8.15% in terms of case when b (6) = 78, i.e. when P [L 5 = 60%] = 7.108%. The above results imply that P [22% < L 5 < 60%] is still negligible compared with , 6] , [6, 9] , [9, 12] and [12, 22] . Our findings are consistent with the discussion from Subsection 6.2.1, where we concluded that the model is rather insensitive to explosions in the jump-parameter b (6) .
Conclusions
In this paper we have derived closed-form expressions for CDO tranche spreads and index CDS spreads. This is done in an inhomogeneous model where dynamic default dependencies among obligors are expressed in an intuitive, direct and compact way. By specializing this model to a homogenous portfolio, we show that the CDO and index CDS formulas simplify considerably in a symmetric model. The same method are used to derive k th -to-default swap spreads for subportfolios in the main CDO portfolio. In this setting, we calibrated a symmetric portfolio against credit derivatives on the iTraxx Europe series for a fixed maturity of five years. We did this at three different dates, where the corresponding market spreads differ substantially. In all three cases we obtained perfect fits. We also implemented two different numerical methods, an ODE-solver and Padé-approximation, to determine the distribution of the Markov-process. Both of the methods were applied in separate calibrations in order to verify that the matrix-analytic method is independent of the numerical approach used to find the law of the Markov process. Consequently, applying the matrix-analytic method to find the credit derivative model-spreads are therefore independent of the numerical approach used to compute the loss-probabilities. The computations were complemented with Monte Carlo simulations, for all three data-sets, in order to check the correctness of the numerical implementations. These studies therefore lend some confidence to the robustness of our model.
In the calibrated portfolios, we computed tranchelet spreads and investigated k th -todefault swap spreads as function of the portfolio size. Further, the implied tranche losses and the implied loss distributions were also extracted. All these computations and investigations would be difficult to perform without having convenient formulas for the quantities that we want to study. Furthermore, given the recovery rate, the number of model parameters are as many as the market instruments used in the calibration. This implies that all calibrations are performed without inserting "fictitious" numerical values for some of the parameters, making the calibration more realistic.
Finally, we remark that our symmetric framework is equivalent to the local intensity model. the fact that ∆k 1 = k 1 then imply that S (u) 1 (T ) is given by
e −rtn ∆ n which establish Equation (4.3). Finally, to find expressions for the index CDS spreads S(T ), recall that this contract is almost identical to a CDO tranche (see (2.3.1)), with the differences that ℓ (γ) is replaced by ℓ in the protection leg, and in the premium leg ∆k γ is replaced by 1 and ℓ (γ) by ℓ, where
otherwise which proves Equation (4.5) and (4.6). Tables 7 and Table 8 Table 9 shows the FtD spreads, i.e. 1 st -to-defaults spreads for 6 standardized subportfolios on iTraxx Europe Series 6, launched September 20 th , 2006. Each basket consist of five obligors that are taken from a sector in the iTraxx Series 6 (Autos, Energy, Industrial, TMT, Consumers and Financial). The names of the obligors in each basket as well as the selection criteria can be found on the webpage for iboxx. In the financial FtD basket, we have used the subordinated FtD spread, since the senior spread is much smaller (30 bp) than the other spreads, which will pull down the average mid FtD spread to 112.25 bp.
The numerical values of the calibrated parameters a, obtained via (6.1.2), are shown in Table 11 and the partition (see Equation (6.1.1)) in Table 10 . Table 13 gives the calibrated parameters a as a function of the the numerical method used to compute the distribution for the Markov process, in the calibration routine. In both cases the same initial parameters are used in the calibration, and the same number of iterations (100 iterations).
In Table 12 we display the index-CDS spread and average CDS-spread in the 2008-03-07 portfolio, as function of the jump parameter b (6) , when holding the other parameters in a fixed.
Finally, Table 14 gives the Monte Carlo spreads compared to the model-spreads, in our three data-sets. Table 12. The index-CDS spread and average CDS-spread as function of the jump parameter b (6) , when holding the other parameters in a fixed Here a is given as in Table 11 . We consider the 2008-03-07 portfolio and also display the relative differences in terms of original spreads given in Table 1 , i.e. when b (6) = 77.97 (see Table 11 ).
b (6) = 6.5 b (6) = 2.5 b (6) Table 13 . The calibrated parameters with the Padé approach and the ODEmethod as well as the relative difference in terms of the ODE-case. The calibration is done on the 2008-03-07 portfolio. In both approaches the same initial parameters where used in the calibration routine, as well as the number of iterations (100 iterations).
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